






































































































































































































CS 70 Summer 2020 Joint, Marginal, and Conditional Densities Final Review

Problem 1 (Spring 2019 Final 8.2): Consider continuous random variables X,Y with joint density function
fX,Y (x, y) = cxy for all x, y 2 [0, 1] and 0 everywhere else.

(a) What is the value of c?

(b) What is P
⇥
|X � Y |  1

2

⇤
?
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Problem 3 (Summer 2019 Final 2w): Let X,Y be independent uniform random variables over the interval
[0, 1]. What is the CDF of |X � Y |?
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Problem 2 (Spring 2018 Final 5.14): Consider continuous random variables X,Y with uniform joint density
over the region {(x, y) | 0  y < x  1} (shown below).

0 1

1

X
Y

Suppose someone takes a sample of either X or Y with equal probability, then announces the value is 2
3 .

What is the probability that the sample is from X?
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Problem 4 (Summer 2019 Final 4 (Edited)): Suppose we have a triangle ABC in the plane with coordinates
A = (0.1), B = (1, 0), and C = (0,�1), (see the figure below) and we choose a point uniformly at random
from this triangle.

1

�1

1

X

Y

Let X be the random variable corresponding to the x coordinate of the point chosen, and let Y be the
random variable corresponding to its y coordinate.

(a) Find the joint density fX,Y (x, y) .

(b) Find E [X] and E [Y ] .

(c) Let Z = |X|+ |Y |. Find the PDF of Z.
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Problem 5 (Spring 2017 Final 7.2): You pick a real number from the range [0, 1] using the uniform distri-
bution. Then Alvin independently picks a real number uniformly at random from the range [0, 2].

(a) What is the probability that your numbers di↵er by no more than 1?

(b) Suppose you pick your number from the same range except now with PDF fX(x) = 2x, with Alvin
still picking uniformly from [0, 2]. What is the probability that your numbers di↵er by no more than
1?
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Problem 6 (Spring 2016 Final 3.5): You play a game of darts with a friend. You are better than they are
and the distances of your shots from the center of the dartboard are i.i.d. U [0, 1] while theirs are U [0, 2].
To make the game fair, you agree to throw one dart, while your friend throws two. The dart closest to the
center wins the game. What is the probability that you win the game?
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Problem 7 (Fall 2018 Final 8): For n � 2, let X1, . . . , Xn be independent U [0, 1] random variables and for
i 2 {1, . . . , n}, let Yi denote the ith smallest value of {X1, . . . , Xn}. For example, Y1 = min{X1, . . . , Xn}
and Yn = max{X1, . . . , Xn}.

(a) Find the PDF of Y2.

(b) If n = 2, find the joint PDF of Y1 and Y2.

(c) Assume again that n = 2 and let G = Y2 � Y1 be the gap size between Y1 and Y2. Find the PDF of G.

(d) What is P
⇥
G > 1

2

⇤
?
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