Quick Review

Let G be o graph:
G is c,ormeo\ed, planar => v - + £ =2
-~ I v=3, thenw ¢S3v-6
- J& v=2 3 awnd G is bipartite VA
e $2v- It
. (Kurakowski) G is nonplanav vt and only
i$ W& containg S°""~“““"3 ealuivn\m-% ‘o
Kg or Ks‘!.,
The chromatic number X (¢) is # ot clors

needed Yo color Hae vertices ofF G so thai
no -adjacent vertices WNave Hwe same color,

- I8 G s plenar, 2(6> €9
- I8 W iva suegqraph of @, L(€d 2 X(H)

Genevol Notes:

. I& vﬂov show A4 so\o%np\\ of G' S v\oh?\anav_,
run G s nonplanar.

¢ When '\m\uc\'iha on %ﬂ\p\»\s, be wow-.o ot
uild - vp ervof ond vemovel eweor.
Dond be afveid 4o work with cowninected
compenants ino\ividva\la instead of he whole
oup\n.
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Shovt Answer 2C #)

(6) Bob vemoved a degree 3 noede from an
n vervex ivee. How many connected
componerts doey e resvl-Hnﬂ ﬁrapk have ?

() S¥orting wWith an n vevtex 4ree, RBob edds
16 edges - Then , Alice vewoves B edges
(not necessarily Yhe ones Beb odded) . If
g VCSUH\'hj 4)(&?\1\ has R connected
Compwu.n'\'s’ o W\ana mMeére elcjcs dées
Alice have o remove to eliminate all

c«dt\es 7

-

(a> 3. The qraph s o tvee, so if we femove
tis vertex there is ne path frem one
of > mi-_\h\oﬂs o another.

()P, Yuppose thet WL  componends Whave
&, o, c vertiees m?uﬂvds. Then
saprc Sn. Now, inoder fHr the quaph

o be acyclic, eactwn ot thete cComparunig
Must b2 a ree , thus we ned o Hiel
of (a-N¥ (b-D & (co1) v n-3 edges
We shavd with n-\, add 0, Hun

remove 9, So we have n+Y. Thvs we
wed o remove # more
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Planarity 2C & 1

Ler & ve 0\3(&?\& witm the proper-\’j Max
fov any 3 diskinet vertices V,,V,,Vy , Yhere
ave at leasY two edges ‘etrween Ywewm.
Prove Yhat if G has = F vertices, thaw

G iy vot planar. (Hiny . prove fhat i€ G
doesnt contoin Kg, tuan it containg KS.!.)

Tdea: Assume G Was F verdices ond »
plovar, Then G doewt contain Ky —
vse Yhis 4o preve Q- contrins K'S,B'

Prood: Let Hhe verdices oF G be v, ... vg.
Since \»(,5 4: G" theve ave vevdices in

ZVU Vesr Vs, VY :"S's thet ove wo¥ Connected.
WLOG \et these ‘o2 V, ,V,.
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F v, vu,vs , Vevs)
WLOG , let vy ,vy e vncovinected,

Sowme arqument applies +o

vl Ve

Now , 1€4s look ot what eo\je> We Kvow
are in G- (note I didn# dvaw vy , we dond
veed %))

This means that G confains K, o, S0
s hoet plawnar.
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Grap\r\ Co\oﬁ“ﬁ— L?_C #‘3_

Prove +hat & %ﬂ\p\f\ WY vnaximum d&ﬂv«ec
K s (K #«\) colorav\e.

Jdea : nduetrion on # of vevkices.

Base Case: n=\ s clearly O+\ =\
Colovab\e,

Asswme all me vertex graphs Wi warimum
o\uyu, K ave (Kal).cdovavle , and consider

an m¢e\ d¢3u¢ 3r¢tph W max a\cﬁvu K.

Select aw arli¥rary  verier V. We Xnow
Prak °\¢3(") £ K by Ma conditions we
ctovk with. Moveover, & we vemove v,
we always aet & gqraph with m vertices
aNnd  aX WiV o\c.svec 2K, %0 we can

colov it with Ka\ colors. Now , whun
we add back V, we can a\w&!js Sind a
color Fr ko> we have K+l I choole
frorvm ond Vv iy connected o at mout K
otner vevtices , s Yhe %\rap\a is(K«r \)

CD\oVa‘o\c .
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Hyer cvboes: \ C HY

Recall that an n- dimensional hwagucube.
15 o graph 32.'\!.1«:’«0\ \o~o n-Yir Strings
suew that - §
- Eac\h  vertex covresponds Yo a unique
stving of n 0s and s,
. Two verfites are comnected i+ Xtir bit
s'\'ﬁhﬁs Aitfer at Cxo.c,{'bd ont place,

Prove Hhat for all n, e n-dimensional
\'\3?0!(.0\9!. 1S b.qu,{.“H. (H‘“.\: dvaw ot »Sm‘“
hyperevies and |ook fov o patiern)

.  —
O— O"*‘P/
R W SR O
: &

I dea: induek on n,

Assume K-d \ypercvioes ave \.'q:u-\-ikc:

we constwet (k #1)-a ygercvbes 0 Yaking
fwo cepres of a K-\ Vln?eﬂ.dbc anad :)o'\a'\na
coruspol'l\'\'\a uﬁtS- ot o€ these is b ipartine

5 pavii¥in them and Hip the colors on one of
em. This i> & valid Partifion w0 we'te dont .
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